. Synthesis of an electric sensor based control for underwater multi-agents navigation in a file. 2013 IEEE International Conference on Robotics and Automation (ICRA), May 2013, Karlsruhe, Germany. pp.4608 -4613, 10.1109/ICRA.2013 Synthesis of an electric sensor based control for underwater multi-agents navigation in a file M-R. Benachenhou, C. Chevallereau, V. Lebastard, F. Boyer, Abstract-Thanks to an electro-sensible skin, some species of fish can feel the surrounding electric field generated by them-self or other fish. Known under the name of "electricsense", this ability allows these fish to navigate in confined surroundings. Based on a bio-inspired electric sensor, this article presents how this electric sense can be used for the navigation in formation of several underwater vehicles. The formation considered is a file, each vehicle is assumed to follow its predecessor at a given distance. In confined environment, the file formation is interesting since fish can follow the same safe path. Being based on the servoing of the electric measurements, these laws do not require the knowledge of the location of the agents. The underwater vehicle studied have non holonomic properties, their forward velocity has no lateral component. Depending on the choice of the controlled outputs (combination of electric measures) we will see that path followed by the follower agents can be different and a methodology to choose the output will be defined in order that all the agents follow the leader path in presence of curved motion of the leader. The influence of the number of electrodes is discussed. Simulation results illustrate the proposed approach.
I. INTRODUCTION
Electric sense is a means of perception used by some fish living in tropical forests of Africa and South-America [2] . In the fish of the mormyrides family, the polarization of an Electric Organ of Discharge located in its tail generates a dipolar electric field around the fish. Electric fish used a passive version of the electric sense [3] in which the electric field is generated by exogenous sources, as other electric fish nearby, since these fishes swim in groups for most of time. Biological experiments have revealed that electric fish use specific strategies to organize their collective electric activity [4] . In particular, in order to avoid jamming and overlapping between individual electric pulses, a group of mormyride orders the electric activity of each member of the group in a fixed sequence of individual pulses separated by "silent periods".
The objective of this article is to explore the possibilities offered by electric senses in order to address the problem of navigation of a group of agents moving in a file. In order to achieve this goal, we use a sensor recently proposed in [1] . This active sensor is a slender shape insulating shell on which are fixed two hemispherical tip electrodes as well as a set of intermediate annular ones (see figure 1) will consider here a group of these rigid slender robots (or agents) moving in a common horizontal plane. The motion of each module is controlled through its axial velocity (aligned with the probe axis) and its vertical angular velocity using the kinematic model of a (non-holonomic) unicycle, since the robot (and the fish) cannot move laterally (see figure  1) . In a formation, the agents will have to keep a specified relative position and orientation between them. In order to control the relative position of a passive agent with respect to the active one; we could first seek to invert the model of the passive agent's electric measurements with respect to the position and orientation between the two agents [5] . Unfortunately, this problem is difficult [6] , a more direct approach, a sensor-based control approach [7] , [8] , [9] based on a direct feedbacks from the measurements is used here. This approach can be named "electric sense servo control" for underwater navigation. The passive agent senses the electric field and seeks some prescribed measurements ensuring him a specified relative configuration. The principle of this approach and stability of formation have been presented in [10] . In this paper, the performance of the control is considered and a methodology is proposed to determine the appropriate synthesis of the control based on a desired behaviour for a file of agents. Our objective is that the agents follow the same path than the leader even in presence of turn of the leader. The effect of the number of electrodes onto the path followed by the agents is also discussed.
The article is structured as follows. In section II, the nonholonomic model of motion of the vehicle are recalled and the desired behaviour of the file formation is defined. In III we present the model of the electric sense as well as the available measurements. In section IV, the principles of "electric sense servo control" is presented and the behaviour of the agent in closed loop is presented. In section V, an original methodology to synthesize the control law based on the desired behaviour in closed loop is proposed. In section VI, some simulation examples illustrate the impact on the number of electrodes on the performance obtained.
II. MOTION IN FORMATION OF A SET OF NON-HOLONOMIC ROBOT
The robots move in a common horizontal plane. The motion on the vertical direction (buoyancy) is controlled independently based on pressure sensor and change on the volume of the robot. To approximate the motions of a swimming fish, the robots' motions are modelled using the non-holonomic kinematic model of the unicycle. The control inputs are the linear axial velocity V and the angular vertical velocity ω (figures 1). When the robots are controlled in formation, the objective is of keeping a constant position and orientation (or "situation") between the robots. Following a frequently used strategy in multi-robot navigation [11] , one of the robots is distinguished as a "leader" defining a reference motion for the group. This reference motion is unknown to the other robots, or "followers", and is compatible with the non-holonomic constraints.
Combining the "follower-leader" and the "active-passive" strategies, in a first step, the active agent is the leader and its closest neighbour is passive, it follows the leader using the sensor-based control. In the second step, this following agent then becomes active and its neighbour follows it using the sensor-based control. This principle is propagated from one agent to the other looping in an ordered sequence so that the reference motion is propagated to the whole group incrementally. For the sake of clarity, in the following description, we will only consider the two first agents.
A. The motion model
The leader velocity is defined by (V r , ω r ). The velocity V and ω of the passive agent are the control inputs u of the problem: u = (V, ω)
T . The situation of the passive agent with respect to the active agent's frame is defined by a state vector X = [x, y, θ]
T . The control objective is to maintain X at a desired value
T for a file formation where y d is the distance between the centre of two following agents. Our control model is defined byẊ expressed as a function of the control inputs V , ω of the passive agent. This model is [10] :
(1) where P (t) is a bounded perturbation due to the unknown motion of the active agent. The behaviour of the follower robot being governed by (1), the combination of the two first equations allows writing a relation between the state X, its time derivativeẊ, and the reference motion of the active agent, independent of the control input u:
x cos(θ) +ẏ sin(θ) = −V r sin(θ) + yω r cos(θ) − xω r sin(θ).
(2) This equation reflects the non holonomic constraints for tracking of the leader whose velocity is ω r , V r .
B. Desired behaviour for a file formation
For a turn of the leader, the desired relative situation X d between leader and follower cannot be achieved (see equation (2) ). But in the case of a turn of the leader what is the appropriate motion of the follower? To avoid large displacement of the follower, it seems that the more elegant behaviour of the follower is to follow the same path as the leader. Moreover, since all the robots have the same type of actuator, if the follower is initially on the leader path, it can continue to follow the leader for any admissible path of the leader while it is not able to conserve a constant relative situation. In the case of a motion of a leader with a curvature ω r = 0, the desired equilibrium situation of the follower is presented in figure 2 . The idea is that the follower must be on the circle currently followed by the leader and that the desired distance between the two agents y d = −d is the arc-length. Based on figure 2, the desired relative situation is:
where R is the curvature of the leader turn, R = Vr ωr . This desired behaviour must be obtained for any curvature R. Reporting the first equation of (3) in the two last equations we obtained as set of desired relative position, for θ e = 0:
For θ e = 0, the corresponding state is x e = 0, y e = −d. It can be noted that the state satisfying this condition corresponds to the desired relative situation if we have also θ e = − dωr Vr . Considering the non holonomic constraints, our control objective is rewritten as: the relative situation of the follower with respect to the leader must be X = X e where X e = [x e , y e , θ e ] satisfy (3).
III. ELECTRIC SENSE, SENSOR AND MEASURES
The sensors (that we will also name "agents" or "robots") are slender probes composed of N electrodes linked by insulating axi-symmetric boundaries (see figure 1) . Each sensor has two working modes [1] . In the first mode, the two tip electrodes are electrically connected by a voltage generator (AC source) which imposes a controlled voltage between them, while all the other electrodes are disconnected. This mode is said "active", since once immersed in a conductive fluid, the probe generates a dipolar electric field in its surroundings. In the second mode, all the electrodes are electrically disconnected from each other and the probe measures the electric potential produced by an exogenous electric field on each of its electrodes with respect to a common ground. This working mode is said "passive". In order to avoid jamming between several agents' electric fields, only one agent is active while all the others are passive. The change between passive and active mode is instantaneous and periodic.
Due to the slender geometry, the potential generated by any active agent can be expressed as [12] :
where γ the conductivity of the ambient fluid, I the total currents flowing across the two tip electrodes. Equation (5) is a leading order approximation of the potential with respect to the small quantity R/l ≃ R/r h ≃ R/r t where R, l, r h and r t respectively denote the radius of the cylindrical probe, its length (between its two tip electrodes) and the distance from the head and the tail electrodes to the point x at which the potential is evaluated. The potential field produced by the active agent is represented in the figure 3, in the case I 4πγ = 1 and l = 1 m. Now, let us consider an agent in passive mode. The electrodes are small enough to provide a point measurement of the potential field (produced by the active agent) without perturbing it. Only the voltage difference can be measured, so for a passive agent with N electrodes, we define N − 1 measurements of difference of voltage: U i = φ i − φ 1 for i = 2, ..N . Furthermore, each of the electrodes E i is divided into two identical left and right independent sub-electrodes, on which the electric voltage can be measured (see figure 1) . Averaging the left and right voltages, the voltage U i at the centre of the electrodes E i is evaluated. Due to the slenderness of the agent, the lateral (left minus right) difference of voltages is a direct image of the lateral electric field E i at the centre of each of the E i . The measurements can be written as: m = m(X), where
T , the number of measurements is n m = 2N − 1.
IV. ELECTRIC SENSE SERVO CONTROL

A. The control law
Because the motion of the passive agent is defined by two inputs V and ω, only two outputs can be tracked in closed loop. The control law is based on the measurements produced by the electric sensor with no calculation of the relative situation of the leader and follower agents. The two controlled outputs are two linear functions of the electric measurements s = Cm(X(t)) where C is a constant (2 × (2N − 1) ) matrix and m(X(t)) denotes the vector of measurements. The corresponding desired value is s d = Cm(X d ), and the output vector of error e(t) is:
By differentiating this equation, and using (1), the control input appears. Since the desired relative configuration, is fixed, s d is constant and we have:
The objective of the control law, is to zeroed e(t), the following control law, 0 < λ < 1 :
is proposed to achieve this objective, where L is an estimation of (C ∂m(X) ∂X J(X)) −1 at the desired state. If the active robot is at rest (P (t) = 0), the convergence condition that ensures the decrease of the error is given by [8] :
Thus, the matrix L defined in (8) is the best choice when the control has converged. In transient phase (X = X d ), the condition (9) must be checked. A condition on the choice of the controlled output (i.e. on C) consists of ensuring that
This condition is not difficult to achieve and is checked when C is selected. For all the cases tested in section VI, the condition (9) is satisfied. The perturbation P (t) due to the motion of the active agent induces a bounded error e(t).
B. The closed-loop behaviour of the agents
Since the relative situation of the agents are defined by the three variables x, y, θ, an infinite set of relative situations that will produce the desired outputs Cm(X) = s d exists. This means that the control law (8) that insures that Cm(X) = s d does not guaranties that X = X d . The closed loop dynamics of the system when the output errors are forced to zero (called "zero dynamics" [13] ) must be studied. In particular, the control outputs must be chosen in order to produce, at least locally, a stable zero dynamics.
The zero dynamics characterizes the displacement of the robot when the controlled outputs are identically zero. In this case, the state of the robot remains in Z = X|Cm(X) = s d . Since the dimension of Z is 1, around X d , the state X belonging to Z can be parameterized by 1 variable. We assume that θ is monotonic in Z around θ = θ d = 0 and thus θ is chosen to parameterize Z. X ∈ Z can be written as:
In closed loop, the state of the robot remains on Z, thus its velocityẊ satisfies:
In fact, being a non holonomic system, the situation of the follower robot is governed by (2) for any motion of the leader. In closed loop this equation must be combined with (10) , to describe the behaviour of the follower agent as a function of θ andθ:
This latter equation plays a crucial role, revealing the motion of the follower robot in closed loop.
V. SYNTHESIS OF THE CONTROL LAW
The question we have now to answer is whether the agent will be steered to the desired state X = X e satisfying (3), and if so will this equilibrium state be locally stable? The answer to these questions, obviously depend on the property of the zero dynamics. We will first show that the answer is yes for a particular choice of the zero dynamics manifold. And the section V-B, we will propose a methodology to defined to control outputs Cm(X) in order that closed loop zero dynamics be the expected one.
A. The chosen zero dynamics manifold
Based on the desired equilibrium state X e , we chose zero dynamics manifold defined by:
and x Z (0) = 0, y Z (0) = −d. For a desired distance between agents is d = 1.8 m, the desired zero dynamics is represented in figure 4 . If we report the equation corresponding to this zero dynamics manifold in equation (11), we obtain for the closed loop behaviour of the robot:
This equation have two equilibrium solutions (θ = 0) corresponding to θ = 0 or θ = − dωr Vr = − d R where R is the curvature of the leader. Let us first consider the equilibrium which corresponds to θ = 0. The linearization of equation (13), gives:θ
This equilibrium exist only for ω r = 0 which corresponds to the straight line motion of the leader. If the passive agent follows the leader (V r > 0 and d > 0) then the zero dynamics is stable. Locally the passive agent will converges to the desired state
. Now we will consider the case, ω r = 0, the leader turns, the equilibrium state of the follower is defined by θ e = θ = − d R and by (12) , thus it is the desired equilibrium defined in equation (3) . The linearization of equation (13), around
Assuming that the passive agent follows the leader (V r > 0 and d > 0), the zero dynamics will be locally stable for any value −π < θ e < π. As a conclusion if the outputs are defined such that the zero dynamics are defined by (4), the stability condition is satisfied and the follower follows the leader path for a motion of the leader with any curvature.
B. Methodology to define the outputs
Now we want to define the outputs to have such properties. It is possible to consider this problem as an optimisation problem where the optimisation variables is the matrix C and the objective is to minimize the difference between the resulting zero dynamics and the desired zero dynamics. The optimisation process will require many calculations and a model of the sensor. To limit the calculation, we propose a different strategy that can be based either on a model of the sensor or on experimental data.
The desired zero dynamics has been defined, and is presented in figure 4 . The first step is to put the passive agent in a set of situations belonging to the desired zero dynamics and to record the measurements. The measurements obtained when the passive sensor of 1m with 4 electrodes distributed along the sensor (see figure 3 ) evolves along the desired zero dynamics defined for d = 1.8 is presented in figure  5 . In fact we present the difference between the current measurements and the measurements corresponding to the desired configuration at θ e = 0 : m(X e ) − m(X d ). The situation of the passive agent in the desired zero dynamics is parameterised by θ.
If controlled outputs Cm(X) such that the zero dynamics is the desired one exist, then by definition Cm(X e ) − Cm(X d ) = 0, for any state X e belonging on the desired zero dynamics. The latter equation can be rewritten: 
where C is the (2 × n m ) matrix to be determined. This equation has to be satisfy for any value of θ e (with −π < θ e < π). n s samples of X e will be defined (with n s >> n m ) and a concatenation of all the variations on measurements m(X e (θ e )) − m(X d ) is build column by column to define a matrix of measurements M s . This (n m × n s ) matrix can be constructed based on the model of electric sense or experimentally. According to (16), we want to have:
If the rectangular matrix M s is full rank, then the only possibility is to have C = 0. In order to be able to define a full rank matrix C the rank of M s must be less than or equal to n m − 2. Using singular value decomposition (SVD), the matrix M s can be written as M s = U SV ′ where U and V are orthogonal matrices, and S is a rectangular (n m × n s ) with on its diagonal positive term ordered in decreasing order. If the rank of M s is less than or equal to n m − 2, and the lines of C is defined as the last two columns of U then equation (17) is satisfied. The zero dynamics associated to C coincides at the n s samples used to build M s with the desired zero dynamics. Since the rank of a matrix is defined numerically, the smallest singular values of M s defines how far the matrix M s is from being singular.
As a conclusion, the proposed methodology is the following. The two lines of C are the last two columns of U (matrix of the SVD decomposition of M s ). The two smallest singular values are an indicator on the proximity between the real zero dynamics and the expected one. Since, the controlled output are defined as a linear combination of the measurements available on the sensor, these two smallest singular values are probably not exactly zero, but small values indicate that the corresponding zero dynamics is close to the desired zero dynamics.
C. Influence of the number of electrodes
In the proposed methodology, the proximity of the zero dynamics and the desired one is quantified by the smallest eigenvalue of M s and depends obviously of the number of measurements and thus of the number of electrodes. Higher is the number of electrodes, closer can be the zero dynamics to the desired one, and better is the closed loop behaviour. These results are illustrated numerically in the table I. Different configurations of electrodes (numbers and positions) are chosen and the corresponding singular values are defined when the desired distance between the agents are respectively 1.8 m and 1.3 m.
The length of the sensor is 1 m, the head and tail electrodes are placed respectively at coordinates 0.5 and −0.5. These two electrodes constitute the minimal set of electrodes. Up to three electrodes located at −0.25, 0 or 0.25 can be added. The configuration considered is schematically represented in the second column of table I, the head of the sensor is on the left. It can be observed that when the number of electrodes varies from 2 to 5, the smallest singular values decrease, the zero dynamics is closer to the desired one. This point is illustrated in simulation in the next section. When only two electrodes are used, since few measures are available, it is difficult to choose the shape of the zero dynamics. For 4 or 5 electrodes, since many measurements are available, the shape of the zero dynamics can approximated the desired one and the smallest singular values are small. 
VI. SIMULATION RESULTS
In this section, the closed loop behaviour of a file of 4 agents distant from 1.8 m between the centre of two following agents is simulated. The simulation is made using the kinematic model (1) and a fixed sampling period of 10 ms, an initial error of 0.01 m in position and of 0.01 rd in orientation between agents is introduced. For a same motion of the leader, electric model (section III) with 2 to 4 electrodes, are used. Even if stable behaviour can always be achieved, a larger number of available measurements allow us to have a better behaviour. We consider 3 cases corresponding to 2, 3, and 4 electrodes, and the line 1, 4 and 5 of table I. During the first part the leader moves with constant linear velocity and increasing angular velocity and then the leader rotates with constant angular velocity. The constant linear velocity is 0.3m/s. The results are illustrated on figure 6 with the paths followed by the four agents and by a final photo of the four agents for the 3 different sensors. In this latter graphs the circle followed by the leader is drawn in order to show if the follower agents are on this circle or not. A stable behaviour of the formation is observed in any case, but with 4 electrodes, the path followed by all the agents perfectly coincide (figure 6 (c) and (f)), this is not the case when only 2 electrodes are used ( figure 6 (a) and (d) ). With 3 electrodes the obtained behaviour is quite good ( figure 6 (b) and (e)). A quantification of the quality of results is proposed in table II via the average distance between the path of the leader centre and of the i th agent centre 1 . Fig. 6 . a-c)The path followed by 4 agents equipped with 2,3 or 4 electrodes, the leader (red) has a complex path with varying curvature. d-f)The photo of the final configuration of the four agents with the circle followed by the leader.
The desired distance between agents is now 1.3m. The path followed by the leader is unchanged. A set of 4 electrodes (corresponding to line 5 of table I) is considered. We compare the results obtained when the outputs are designed for a distance of 1.8m or 1.3m, qualitatively in Figure 7 and quantitatively in table II. The proposed control law is enough robust to be used with stability for several desired distances between agents, but the performance in term of path followed by the agents is disturbed when the outputs are inappropriately chosen. 
VII. CONCLUSION
By combining rules inspired by electric fish with a follower-leader multi-agent strategy, we have addressed the problem of navigating while maintaining a file formation of a group of non-holonomic agents. The control strategy is based on the direct servo control of the electric measurements. We have defined a preferable behaviour for the file formation with curved path of the leader. A tracking of the path of the leader is expected rather that a strict alignment of agents in order to reduce the swept space by the formation. A methodology has been proposed to choose the controlled outputs that lead to the desired behaviour. The efficiency of the methodology has been shown in simulation. The importance of the number and position of the sensor on the performance of the control has also been illustrated.
